Abstract-Driving piezoelectric actuators by charge, or current rather than voltage is known to significantly reduce the hysteretic nature of these actuators. This paper further investigates properties of piezoelectric transducers driven by charge amplifiers, and proposes multivariable resonant controllers for vibration control of piezoelectric laminates. The paper reports experimental implementation of a multivariable resonant controller on a piezoelectric laminate cantilevered beam.
I. INTRODUCTION
When a piezoelectric material is mechanically stressed it develops electrical charges. Conversely, application of electric field, or charge, to the same material will result in a change in the mechanical dimensions of the material, and hence mechanical strain. Therefore, Piezoelectric materials can be used in the form of sensors, actuators, or in some applications as both.
When operated at low electric fields, piezoelectric materials are relatively linear. At higher electric fields, however, they display nonlinear behavior in the form of hysteresis. It has been demonstrated that by controlling electrical charge, or current rather than the applied voltage, the hysteresis effect can be substantially reduced [1] . The main obstacle in using current or charge amplifiers is due to the highly capacitive nature of piezoelectric loads. Due to the existence of offset voltages in the amplifier circuit, the capacitive load is eventually charged up. This, in turn, distorts the control signal applied to the piezoelectric load. Recent research [2] proposes a new structure for charge and current amplifiers capable of regulating the DC profile of the actuator. Thanks to this development, it is now possible to use electrical charge as the driving control signal in structural control applications involving piezoelectric actuators. This paper presents a new class of resonant controllers capable of damping structural vibrations using chargedriven piezoelectric actuators.
II. VOLTAGE-DRIVEN PIEZOELECTRIC ACTUATORS
Piezoelectric actuators are often driven by voltage amplifiers. Indeed, the bulk of the literature on feedback control of piezoelectric laminates is based on voltage-driven piezoelectric actuators, e.g. see [3] , [4] , [5] and references therein.
Consider the system depicted in Figure 1 , where m collocated piezoelectric sensor/actuator pairs are bonded to a [5] that the multivariable transfer function matrix of this system can be expressed as:
where ψ i is an m × 1 vector, and M → ∞. In practice, however, the integer M is finite, but possibly a very large number.
Also shown in Figure 1 is a number of disturbances acting on the structure. This could represent point forces, distributed forces (such as a wind gust) or torques acting on the structure. Nevertheless, the transfer function matrix relating the disturbance vector W to the vector of voltages measured at the sensors V p can be written as
where γ i is a ×1 matrix, assuming there are disturbances acting on the structure. A number of fixed structure controllers have been proposed in the literature, all of which have resonant structures reminiscent of the underlying system which is to be damped. Acceleration feedback [6] and positive position feedback [7] controllers being the two most notable examples.
Typically a controller is designed to add damping to a limited number of modes of the structure, say the first N modes. Simply truncating the series (1) or (2) may result in substantial error associated with system zeros, which may reduce performance of a designed controller once implemented on the system. This effect is particularly important for the collocated transfer function G vv . As explained in reference [8] , the effect of out-of-bandwidth modes can be captured by adding a feed-through term to the truncated model. That is by approximating (1) by
III. RESONANT CONTROLLERS FOR VOLTAGE-DRIVEN PIEZOELECTRIC ACTUATORS
Structure of the collocated system, as expressed by (1) allows for the design of feedback controllers, with specific structures, that guarantee unconditional stability of the closed loop system. Such controllers are of interest due to their ability to avoid closed loop instabilities arising from the spill-over effect [9] . Typically, one may only be interested in controlling the first N modes of (1) . If a controller is designed only based on the N mode model of the system, the existence of modes N + 1 and higher may destabilize the closed loop system, once the controller is implemented. Resonant controllers have the distinctive property that closed loop stability of the system is guaranteed in presence of out-of-bandwidth modes.
Two possible resonant controllers are:
and
where typicallyÑ M . Note that both α i and β i are m × 1 vectors.
The typical feedback control problem associated with system (1) and a resonant controller K v is illustrated in Figure 2 . Here, V p is the vector of voltages measured at the piezoelectric sensors, while W is the vector of disturbances acting on the structure. Purpose of the controller is to add damping to the structure, hence reducing the effect of disturbances on the structure. This is done by shifting closed loop poles of the system deeper into the left half of the complex plane.
Closed loop stability of the multivariable collocated system (1) under (4) and (5) can be proved in a number of ways. A proof is given in the Appendix. 000000 111111 0000 1111 
IV. CHARGE CONTROL VERSUS VOLTAGE CONTROL
There are two problems associated with using resonant controllers (4) and (5) to add damping to (1) . The first problem has to do with the dynamics of flexible structures which consist of a large number of highly resonant modes. Frequency response of a piezoelectric laminate typically rolls off very slowly at higher frequencies 1 . Although, the stability of the closed loop system under (4) and (5) is guaranteed, due to the asymptotic behavior of (4) and (5), performance of the closed loop system may suffer from high-frequency noise and the inevitable phase lag introduced by the sensor.
The second complication is due to the hysteretic nature of the piezoelectric actuators when driven by a voltage amplifier. Each piezoelectric transducer can be modeled as the series connection of a voltage source, that is proportional to the total strain in the piezo, a capacitor and a nonlinear element. The nonlinearity is of the hysteresis type and is much more profound when the actuator is being operated at higher voltages 2 . It should be pointed out that hysteresis is not a major source of difficulty with the piezoelectric sensor. The use of a buffer circuit with very high input impedance will significantly reduce the effect of hysteresis in the sensor. However, a similar strategy for the actuator does not exist.
It turns out that this problem can be alleviated if the piezoelectric actuators are driven by charge or current amplifiers. In particular, it has been reported that driving a piezoelectric actuator by a charge amplifier reduces the hysteresis by up to 80% [1] , [11] . In other words, in a piezoelectric transducer hysteresis mainly exists between the voltage and mechanical strain, rather than the charge (or current) and strain [12] .
The key hurdle in using charge, or current to drive piezoelectric transducers can be attributed to the perceived difficulty in implementing efficient charge, or current amplifiers capable of driving highly capacitive loads such as Fig. 4 . Feedback structure associated with charge-driven piezoelectric actuator/sensor pairs piezoelectric actuators. Existence of offsets in conjunction with the uncontrolled nature of the output voltage generally results in the capacitor to be charged up. Once the output voltage reaches the power supply rail, the output becomes saturated, and the amplifier fails to perform properly. This issue can be resolved by adding an extra feedback loop to the standard charge/current amplifier structure, as proposed in [2] .
V. RESONANT CONTROLLERS FOR CHARGE-DRIVEN PIEZOELECTRIC ACTUATORS
When piezoelectric actuators in Figure 1 are driven by charge amplifiers, a situation that is illustrated in Figure 3 for one actuator/sensor pair, it can be demonstrated that the resulting feedback system is as shown in Figure 4 . To prove this, let us make the following definitions:
Some of the assumptions made here are: (i) m piezoelectric actuator/sensor pairs are bonded to the structure; (ii) each pair consists of two identical transducers, however, not all transducers are necessarily identical; (iii) disturbances are acting on the structure; (iv) the controller is fully multivariable and (v) C pi represents capacitance of the i th transducer.
Writing the KVL around the k th loop, as illustrated in Figure 3 , we obtain:
Using the above notation, this implies
Since
which follows from the linearity of the system, the feedback structure illustrated in Figure 4 can be obtained. Here, G vv is the multivariable transfer function matrix of the collocated system (1). G vw is also a multivariable m × transfer function matrix, with a structure specified in (2). It can be verified that the multivariable transfer function matrix relating V p to W is given by
This leads us to an interesting observation: If the piezoelectric actuators were to be driven by voltage amplifiers, rather than charge amplifiers, and if the underlying system were linear, then the two closed loop systems would be identical as long as
This observation is particularly important in terms of developing resonant control structures for charge-driven systems. Given that for an arbitrary K v (s) the equivalent charge controller is (4) and (5), with the additional constraints
we obtain the following resonant controllers for equivalent charge-driven system:
and It can be observed, from (14) and (15), that resonant controllers for charge-driven piezoelectric actuators will be strictly proper as long as conditions (12) and (13) are enforced. In particular in the SISO case, controllers (14) and (15) offer 20 dB and 40 dB roll off respectively. This is a favorable property of this specific class of controllers. Having said this, conditions (12) and (13) could limit the closed loop performance of resonant controllers since they impose a hard constraint on the structure of the controller. Despite this, good performance can still be obtained using these controllers as illustrated, experimentally, in Section VI.
A point that is needed to be clarified here is what happens when K q = 0 in (9) . When the piezoelectric actuators are driven by voltage amplifiers, if K v is set to zero, the closed loop transfer function matrix of the system reduces to G vw . However, if K q in (9) is set to zero, the closed loop system reduces to
When K v = 0, the piezoelectric actuators are effectively short circuited. However, K q = 0 means that the actuators are left open circuited. Although the difference between the response in two cases may come as a surprise, it does make a difference if piezoelectric transducers are open-or shortcircuited. To appreciate this, we point out that (9) can be re-written as
which suggests the feedback structure in Figure 5 .
VI. THE EXPERIMENTAL TESTBED
Experiments were performed on a cantilever beam with two collocated piezoelectric actuator/sensor pairs. One pair was located close to the clamped end and the other closer to the free end of the beam. For each collocated pair, one PZT patch was used as an actuator, and it was driven by a charge amplifier, while the voltage induced in the other patch was used as the measurement. Another piezoelectric actuator was bonded to the beam, somewhere between the two actuating patches. This transducer was driven by a voltage source to generate a disturbance in the beam. Schematics of the experimental testbed is demonstrated in Figure 6 .
The purpose of the experiment was to design and implement a two-input-two-output resonant controller to regulate the tip displacement of the beam in face of vibrations arising from a disturbance voltage applied to the third actuator. For the purpose of designing such a controller an accurate model of the beam was needed. The modeling process is detailed in the remainder of this section.
A. The hysteresis effect
To demonstrate the presence of hysteresis when the actuators are driven by voltage amplifiers, one of the piezoelectric actuators was driven first by a voltage amplifier and then by a charge amplifier. The voltage induced in the collocated piezoelectric transducer was measured and recorded. The actuating signal in each case was a linearly decaying singletone sinusoid. The frequency of the sinusoidal signal is chosen such that the corresponding transfer function displays zero phase. Therefore, any deviation from a straight line on the input-output plot is purely due to the hysteresis. In the experiment, the amplitude of the charge signal was adjusted to ensure that the measured voltage at the collocated piezoelectric transducer was at a comparable level to that measured when the actuator was driven by a voltage source. The results are illustrated in Figure 8 (a) and (b). The presence of hysteresis when the actuator is driven by a voltage source is evident from Figure 8 (a) . However, when a charge amplifier is used, hardly any hysteresis can be observed.
These experiments reconfirm the reports [13] , [14] , [1] that when a piezoelectric actuator is driven by charge, or current rather than voltage, the effect of hysteresis is negligible.
B. System Identification
To obtain a model of the plant, suitable for control design purposes, a three-input-three-output model as illustrated in Figure 7 was identified. The first input corresponds to the disturbance voltage applied to the middle patch. The second and third inputs are the charges applied to the first and second actuators respectively. The first output corresponds to the displacement measured at the tip of the cantilever. The second and third outputs are the voltages measured at the first and second piezoelectric transducers, respectively.
Once the collected data was processed, an optimization problem was set up, and solved to obtain the "best fit" by minimizing the normalized least squared error between the model and the measured data.
This model was then used to design a number of resonant controllers, which were subsequently implemented on the system. Two resonant controllers were proposed in Section V. Of the two controllers, (15) rolls off faster at higher frequencies, and is chosen as the candidate controller structure for the above beam.
To obtain an effective controller, appropriate values for d i ,ω i and β i for each mode need to be selected. The parameters should be determined in a way that additional damping is added to the system. This can be achieved in a number of ways. For example, by minimizing the H 2 or H ∞ norm of T Ytipw , the closed loop transfer function from the disturbance voltage to the tip displacement. However, more than simply minimizing a specific measure, the ultimate purpose of the controller is to add extra damping to the system by shifting the closed loop poles of the system deeper into the left half of the complex plane. This will ensure that no matter where the disturbance is entering the system the structural vibration is minimized within the controlled bandwidth.
A number of performance measures were used to determine appropriate parameters for the controller. Only one of these methods are reported in this paper. The controller was obtained by minimizing the H 2 norm of T Ytipw .
The experiments were performed in the Laboratory for Dynamics and Control of Smart Structures at the University of Newcastle, Australia, and were carried out on a cantilever Euler Beam with identical collocated piezoelectric patches. The Disturbance voltage was applied to a secondary patch located at the center of the beam and the two collocated actuator-sensor pairs were used for feedback control purposes only. A Polytec laser scanning vibrometer (PSV-300) was used to measure the velocity at the tip of the beam.
In the experiments, the Frequency responses were obtained by applying a sinusoidal voltage signal of varying frequency to the "disturbance" piezoelectric patch and measuring the corresponding output signals of interest (namely the output voltage V p from the collocated sensors and the output displacement at the tip of the beam Y tip ) with and without the controller being switched on. A HP spectrum analyzer was used to determine the corresponding frequency responses.
To carry out the experiments, the controller was downloaded from Simulink onto a dSPACE DS-1103 DSP board. Low-pass anti-aliasing and reconstruction filters were added to the system, and the signal measured at each piezoelectric sensor was passed through a high-impedance buffer. This was to ensure that the sensor signals were not distorted at low frequencies.
The results are shown in 
